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Despite rigorous efforts in the derivation of various fatigue damage 

still limited to loading conditions similar to those of the experi-
ments used for developing the models. Most models are void of 
salient factors affecting the fatigue behavior of concrete such as 

further investigation is required.

concrete strength and fatigue secant modulus using experimental 

into the damage function result in robust models that account 
for variations in loading parameters.

Keywords: compressive strength; damage; fatigue; fatigue secant modulus; 
residual concrete strength; strain evolution; variable loading.

INTRODUCTION

During fatigue loading, the properties of concrete undergo 
alterations that result in damage. The progressive damage 
of a concrete element can be observed from the evolution 
of various deformation parameters, such as total strain, 
residual strain, stiffness degradation, strength degradation, 
heat dissipation due to microcrack, crack growth, and speed 
of sound in concrete.1,2 Based on previous investigations on 
the fatigue behavior of concrete, the damage evolution for 
each parameter is nonlinear.3-7

factors, unlike the fatigue behavior of steel reinforcing bars. 
8 Murdock and 

Kesler,9 Hilsdoft and Kesler,10 11 and 
Oh12 have shown that the increase in maximum fatigue stress 

a higher minimum stress level corresponds to an increase 

Hulsbos13

of loading increases.

of the fatigue life will occur if a fatigue model developed 

-

Brenner,14 Spark and Menzies,15 16 
Holmen,17 Naik et al.,18 and Zhang et al.19 all indicate that the 

of loading decreases. This behavior has been observed to 
be more pronounced as the maximum fatigue stress level 
increases. For higher fatigue stress levels, the behavior of 

to a reduction in the fatigue life.10

et al.,20

minute for stress levels of 0.8 and 0.9 (fractions of average 

It has also been reported in the literature that the shape of 

stress levels equal to or greater than 0.8, or at maximum 

with a sinusoidal waveform will be about half of the number 

waveform under the same stress level.2,21

The impact of stress reversal under fatigue loading was 
19 on 171 beams with seven 

stress ratios, including negative stress ratios. The ratios were 

the concrete specimens as the stress ratio reduced.
The effects of other factors such as the shape of the spec-

imen, the water-cement ratio ( /c -
tion, concrete strength, curing conditions, age at loading, 
and moisture conditions that affect concrete can be removed 

of concrete under static load.16,22-25 This concept reduces 

predicting the behavior of concrete elements under fatigue 
load to the loading parameters alone.2

The perception of damage evolution of a material provides 

-
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mation can be correlated. Obtaining the damage evolution 
for parameters such as residual strength and secant stiffness 

-
imens.26-29 To obtain the discrete test points, specimens are 

Due to the stochastic nature of concrete,30-32 the actual 

even under the same magnitude of fatigue load. Hence, the 

33-35 is inap-
propriate, and the corresponding models developed do not 

15 Cornelissen and 
Reinhardt,28 5 a correlation exists 

rate can be obtained for each specimen tested, the failure 

secant modulus at failure has been reported to converge at 
2,17 In 

a similar manner to the fatigue secant modulus, the strength 
of composite materials also deteriorates under fatigue loading. 
Hence, it has been reported that the same damage evolu-
tion model can be used for residual strength and stiffness.34 
However, the initial stage of fatigue loading of concrete is 

5,27,33,37 This 
phenomenon is attributed to the consolidation or the closing 
up of microvoids in concrete at the initial stage of fatigue 
loading.29

the stochastic nature of concrete.30-32

Once strength damage initiates, an increase in damage will 

lower compressive strength.
In this paper, the stress ratios for the experiments 

conducted are either equal to or greater than zero; hence, no 
fatigue stress reversal is considered. In addition, a sinusoidal 
waveform is used for all fatigue tests conducted.

37

model19,38 are developed for concrete strength and residual 
fatigue secant modulus using data from tested specimens.

RESEARCH SIGNIFICANCE

strain rate for obtaining fatigue life in the formulation of 
improved damage models for concrete in compression. 

fatigue loading conditions for concrete structures. The models 
proposed can be implemented into general concrete constitu-

tive models for predicting strength and stiffness deterioration 

EXPERIMENTAL INVESTIGATION

-
quent residual strengths and fatigue secant moduli as the 

and fatigue modulus, each specimen was tested to a different 

× 103

generate a pulsating load of a continuous sinusoidal wave-
form throughout the test duration. Each specimen was 
mounted with attached linear variable displacement trans-

Fig. 1. The LVDTs were used 
to measure average strains in the specimens throughout the 
duration of the fatigue tests.

strength, as shown in Table 1. The stress levels (maximum 

percentages of the average compressive strength.

Fig. 1—Fatigue loading setup.

Table 1—Average compressive strength and 

corresponding strain

Batch 
(No. of compressive corresponding strain Mixture 

ratio /c

52.8 2.01 1:2:2* 0.5

55.8 2.00 1:2:2* 0.5

46.2 1.95 1:2:3* 0.5

23.1 1.52 1:2:4* 0.6

*Cement:sand:coarse aggregate.
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The maximum stress level, the concrete strength, and the 
-

tigation. Maximum stress levels of 0.69 to 0.80, as fractions 
of the average compressive strength, were used as the fatigue 

loads. Sixteen specimens were loaded to failure to observe 
the evolution of the maximum strain as indicated in Table 2, 
while 22 specimens, as indicated in Table 3, were loaded to 

Table 2—Specimen fatigue parameters and test failure data

Specimen Compressive strength fc fc Nf logNf

E5 74 5 12,210 4.09

E8 74 5 10,180 4.01

E13 74 5 8720 3.94

E21 74 5 8460 3.93

E3 74 5 5640 3.75

74 5 4690 3.67

74 5 4600 3.66

E10 69 5 25,180 4.4

E15 69 5 20,500 4.31

H16 80 5 747 2.87

H17 80 5 3530 3.55

I1 75 5 3220 3.51

I5 75 1 4910 3.69

I6 75 5 1560 3.19

I8 75 1 3030 3.48

I10 75 1 5011 3.70

Table 3—Strength and secant modulus degradation test data

Specimen
Initial compressive strength fc

loading
Residual strength after static 

(psi × 103

E22 430

E9 430

E20 860

E11 860

E4 5150

E17 7730

E1 8160

E2 3480

5550

5880

18080

6180

H1 5000

H3 1200

H9 3000

H4 6120

H5 5840

H6 7900

H7 4680

H11 6710

H14 9870

H15 8660

*Failed before reaching maximum fatigue load applied.
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The 22 specimens tested were used to observe the evolu-
tion of strength and fatigue secant modulus of concrete. 

-

the fourth batch. For all fatigue tests conducted, a constant 

Test specimens

The concrete specimens were made from portland cement 

-

in Table 1, were cast using a mixture proportion of 1:2:2 

( /c -
tions of 1:2:3 with a /c of 0.5 and 1:2:4 with a /c of 0.6 

used was estimated to be 2.6. The slumps observed from 
the fresh concrete from all batches were 100 to 150 mm (4 

number added to each alphabet in the table indicates the 
number assigned to the specimen before testing.

Results

at a decreasing rate was observed due to the closing up of 
concrete pores and microcracks between aggregates and 

was constant while microcracks within the cement mortar 
increased. Within the last stage of fatigue damage evolution, 
the microcracks merged to form macrocracks. Similar to 

parallel to the direction of loading. Further, the ends of these 
macrocracks merged and developed a failure plane that 
resembled a fault (
to failure were recorded for the 16 specimens tested and are 
given in Table 2. The standard deviations (in terms of the 

Nf

mean values are 3.86, 3.51, 4.36, and 3.21. However, the 
standard deviation of the error (logNf -

19 is 0.26 and the 

Maximum strain evolution

The strain evolutions for the 16 specimens tested to failure 
under fatigue loading were plotted against the normalized 

of the strain evolutions were similar, irrespective of the 
concrete strength and stress level. The three stages of the 
strain evolution shown in Fig. 3 for the stress levels used are 

2-7 

to failure, indicates a nonlinear deformation of concrete at 
a decreasing rate. The second stage is characterized with a 

with an increasing rate of damage leading to failure. This 

MODEL FORMULATION

and fatigue modulus models involves the estimation of the 
expected fatigue life for each specimen, because the applied 

is often not appropriate. This is due to the fact that the actual 

Fig. 2—Concrete specimen in undamaged and damaged 
states.

Fig. 3—Maximum strain evolution.
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be higher or lower than the value estimated using an S-N 

Relationship between secondary strain rate and 

number of cycles to failure

sec

were all estimated, as illustrated in Fig. 4. The logarithms of 
fatigue life (Nf

sec
-

ison of the model with other models in the literature. The coef-

different loading parameters from different researchers were 
obtained and included in the plot, as shown in Fig. 6.5,15,39 In 

are also required for corroboration.

 Nf sec
–0.972

for the 22 specimens to obtain a plot of the residual concrete 
strength against the corresponding normalized number of 

Fig. 7 
and 

8

well represented using the proposed model.

f/fc R Nf

R is the ratio 
of the minimum stress level to the maximum stress level. 

f to fc

of the concrete considered. On the other hand, the residual 
strength of concrete corresponds to the actual stress at which 
a fatigue-damaged specimen will fail when loaded mono-

of concrete due to fatigue loading, the residual strength 

Fig. 7—Normalized residual strength against normalized 
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strength in its undamaged state.

Strength and stiffness degradation under fatigue 

loading

During the initial stage of the fatigue loading, the residual 
strengths of the concrete specimens were observed to 
increase. This observation has also been reported in the liter-
ature on fatigue tests of concrete specimens in compression. 

-
imental data points, obvious strength degradation began 

estimating the static and fatigue secant moduli of concrete (E 
and Esec

The fatigue secant modulus degradation began within the 

the residual strength degradation. The degradation of the 
normalized fatigue secant moduli is also shown in Fig. 10. 
Toward failure, an abrupt drop was observed in the residual 
fatigue moduli data points.

 E =
−σ σ
ε

max min

Δ

 E
cv

sec
max min=

−σ σ
ε

Damage evolution model for concrete strength 

and fatigue secant modulus

From the fundamentals of damage mechanics, the rate of 
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affecting the fatigue behavior of concrete, was implemented.

Fig. 8—Normalized residual strength against normalized 

Fig. 10—Degradation of residual fatigue secant modulus.
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 Δf

f
C R N N T

c
f f f′

= − − −[ ( ) log log( )]1 12 2β γ ζ

where

2 = 0.0661 – 0.0226R

2 = 2.47 × 10–2. 
2,38Cf accounts for the 

2 is a constant that accounts for high 
stress level.

Δf

f
C N T C R N

c
f f f f′
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From Zhang et al.19

 Cf = ab–logf + c

where a, b, and c
and f

The residual strength of concrete and modulus damage at 
a given stress level can be obtained using the damage model. 

of the constants K and k1.
-

From calibration using the tests data, the values of the param-
eter s

and modulus damage can be obtained from Fig. 11. From the 
experiments conducted, the degraded fatigue modulus tends 

2,17

critical damage value Dcr for the concrete fatigue secant 

data in Fig. 12, the residual strength of concrete at failure 
tends toward 0.65; hence, the damage value for the residual 
strength of concrete is taken as 0.35.

modulus alongside other residual concrete strength models 
in the literature29,33,34,40 were plotted. The residual strength 
models are shown in Fig. 12. The proposed damage evolu-
tion model plot matches well with the Schaff et al.33 residual 
strength damage plot. However, toward failure, there is 

is assumed in Schaff et al.33 that failure will occur at the 
point where the concrete strength degrades to the maximum 
fatigue stress applied. On the other hand, the proposed 
model assumes that failure will occur at a critical damage 
value based on the experimental observations. Figure 13 

Fig. 11—Estimation of damage parameter s.

Fig. 12—Normalized concrete strength degradation model.
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also shows the fatigue modulus damage evolution superim-
posed on the experimental data.

Influence of loading parameters on fatigue 

damage of concrete

damage evolution of concrete strength using the proposed 
damage model. The fatigue life that corresponds to the crit-

Figures 
15 and 

trend as in the residual strength can also be observed.

VARIABLE-AMPLITUDE FATIGUE LOADING

variable in nature. Hence, it is imperative that the proposed 

loading in a simple and explicit manner.
41,42

fatigue damage accumulation when considering variable 
fatigue loading. The damage per stress level is estimated as 

life. The summation of all estimated damage values gives 

should be equal to 1 or a given critical value.

in the literature show that fatigue behavior of concrete is 

Miner Rule does not account for loading sequence; hence, 

3-6

Fig. 13—Normalized fatigue secant modulus degradation 
model.

Fig. 14—Effect of stress level on fatigue damage of concrete 
compressive strength.

compressive strength.

Fig. 16—Effect of stress ratio on fatigue damage of concrete 
compressive strength.
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Davidson33 is described as follows and is illustrated in 
Fig. 17 and 18. However, experiments on variable fatigue 

the proposed strain-rate approach or stress life,38 an approach 
43 can also be used.

Irrespective of the magnitude of a current stress level i, 

induce damage equal to a previous damage value can be 

18, the stresses 1, 2, and 3 are applied for N1, N2, and N3 

of 3 for N3
Step 1 D1

level ( 1 N1

Step 2: N D1 and the second 
stress level ( 2
of N Neqv2 for the 
second load stage. This step converts the previous damage 

Step 3: To calculate the damage (D2
level ( 2 N2
second stress level is added to Neqv2

N2 + Neqv2
model and using the second stress level D2 for the residual 
strength is estimated.

Step 4: The third stress level ( 3
Neqv3. Subse-

N
the summation of Neqv3 and N3, as described for D2 in Step 3.

Step 5 N3 + Neqv3
and the third stress level ( 3 D3 can 
be estimated.

Based on this concept, the value of the estimated damage 
takes into account the previous damage. For more variable 
fatigue loading, this procedure continues until the last vari-
able load is reached. The procedure described for concrete 
strength under variable fatigue loading can also be used 
for the residual fatigue secant modulus; hence, similar to 
residual strength of concrete, the degradation of concrete 

under different loading conditions.

CONCLUSIONS

work conducted, the following conclusions were derived:
1. The behavior of concrete elements under fatigue loading 

-
ingful predictions and results.

2. In the development of the damage models, the use of 

is a reasonable alternative to the use of S-N models.
3. The residual strength and fatigue secant modulus of 

hence, the use of critical damage values is appropriate as 
observed from experimental results.

4. The evolution of the maximum strain is phased into 

are observed from all tested specimens, although the gradi-
-

Fig. 18—Damage evolution for variable loading.
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5. The proposed damage models for concrete residual 
strength and fatigue modulus give reasonable correlations 
to the observed experimental data and represent an improve-

effect of loading has been proposed for variable fatigue 
-

tion using variable fatigue loading tests of concrete.
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NOTATION
a = material parameter
b = material parameter
Cf
c = material constant
D = damage
Dcr = critical damage
E = fatigue secant modulus
Esec = static secant modulus
f
fc
K
k1
N
Neqv
Nf

max = maximum stress level
s = constant parameter
R = stress ratio

u = damage parameter
v = damage parameter

2 = material constants
2 = material constants

f = maximum stress level
cv max max

stress-strain curve
sec

max = maximum stress level
min = minimum stress level
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